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ABSTRACT The article investigates the natural frequencies and the corresponding mode shapes multimass own system. The review, 
which shows the current situation in the field of study of free oscillations using Rayleigh method. In the above operation was 
calculated as the chosen system with 3 degrees of freedom. A mathematical apparatus for the study of the dynamic characteristics of 
dynamic multibody systems. Research carried out in an analytical form based on the Rayleigh function with the Maple. At the same 
time, the calculation results are compared with the solution obtained by d'Alembert. The results are presented in the form of a 
surface in three-dimensional space, which describes the function of the Rayleigh solutions to such figure are orthogonal to each 
other. It also provides cross-section of the figure in the sections, in which the minimum of the function (1st natural frequency), a 
saddle point (2nd natural frequency) and a maximum function (third natural frequency) in the polar coordinate system. By varying 
the stiffness characteristics of the inertial-changing spectrum of natural frequencies and natural modes. This represents the interests 
of the development of methods of operational analysis of the reaction spectrum of the natural vibration frequencies and their own 
forms of vibrations to such variation. This was shown in the presented article. They were built according to decisions on the change 
of the input parameters. The analysis of the results. The paper also set goals for further research. 
Keywords: Free vibration analysis, dynamic system, eigen mode, Rayleigh function, sensitivity 
 
ȼɜɟɞɟɧɢɟ 
 
Ʉɚɤ ɢɡɜɟɫɬɧɨ >@ ɨɫɧɨɜɧɵɦɢ ɞɢɧɚɦɢɱɟɫɤɢɦɢ
ɯɚɪɚɤɬɟɪɢɫɬɢɤɚɦɢ ɦɧɨɝɨɦɚɫɫɨɜɵɯ ɦɟɯɚɧɢɱɟɫɤɢɯ
ɫɢɫɬɟɦ ɹɜɥɹɟɬɫɹ ɫɩɟɤɬɪ ɫɨɛɫɬɜɟɧɧɵɯ ɱɚɫɬɨɬ
ɤɨɥɟɛɚɧɢɣɢɧɚɛɨɪɫɨɛɫɬɜɟɧɧɵɯɮɨɪɦɤɨɥɟɛɚɧɢɣ 
Ɇɧɨɝɢɟɚɜɬɨɪɵɢɜɧɚɫɬɨɹɳɟɟɜɪɟɦɹɢɫɫɥɟɞɭɸɬ
ɫɩɟɤɬɪ ɫɨɛɫɬɜɟɧɧɵɯ ɱɚɫɬɨɬ ɢ ɫɨɛɫɬɜɟɧɧɵɯ ɮɨɪɦ 
ɤɨɥɟɛɚɧɢɣ ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɪɚɡɥɢɱɧɵɯ ɦɟɬɨɞɨɜ 
ɇɚɩɪɢɦɟɪ, ɜ ɪɚɛɨɬɟ [2] ɚɜɬɨɪɵ ɢɫɫɥɟɞɭɸɬ ɭɤɚɡɚɧɧɵɟ
ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ ɞɥɹ ɩɪɹɦɨɭɝɨɥɶɧɵɯ ɩɥɚɫɬɢɧ ɫ
ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɮɭɧɤɰɢɣ Ȼɟɫɫɟɥɹ Ⱥ ɜ ɪɚɛɨɬɟ [3] 
ɢɫɫɥɟɞɭɸɬɫɹ ɞɢɧɚɦɢɱɟɫɤɢɟ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢɫɬɟɪɠɧɟɣ
ɫ ɮɭɧɤɰɢɨɧɚɥɶɧɨ-ɡɚɜɢɫɢɦɵɦ ɦɚɬɟɪɢɚɥɨɦ Ⱦɪɭɝɢɟ
ɚɜɬɨɪɵ >4] ɬɚɤɠɟ ɩɪɢɦɟɧɹɸɬ ɦɟɬɨɞ Ɋɷɥɟɹ-Ɋɢɬɰɚ ɞɥɹ
ɢɫɫɥɟɞɨɜɚɧɢɹ ɤɨɥɟɛɚɧɢɣ ɩɪɹɦɨɭɝɨɥɶɧɵɯ ɩɥɚɫɬɢɧ ɫ
ɜɵɪɟɡɚɦɢ Ɍɚɤɠɟ ɜɫɬɪɟɱɚɸɬɫɹ ɪɚɛɨɬɵ, ɜ ɤɨɬɨɪɵɯ
ɚɜɬɨɪɵ ɢɫɩɨɥɶɡɭɸɬ ɦɟɬɨɞ Ɋɷɥɟɹ-Ɋɢɬɰɚ ɱɬɨɛɵ
ɩɨɥɭɱɢɬɶ ɞɢɧɚɦɢɱɟɫɤɭɸ ɦɨɞɟɥɶ ɞɥɹ ɚɧɚɥɢɡɚ
ɫɜɨɛɨɞɧɵɯ ɤɨɥɟɛɚɧɢɣ ɤɪɭɝɨɜɨɣ ɰɢɥɢɧɞɪɢɱɟɫɤɨɣ
ɨɛɨɥɨɱɤɢ [5]. ɆɟɬɨɞɊɷɥɟɹ-Ɋɢɬɰɚɬɚɤɠɟɢɫɩɨɥɶɡɭɟɬɫɹ
ɞɥɹ ɨɩɪɟɞɟɥɟɧɢɹ ɯɚɪɚɤɬɟɪɢɫɬɢɤ ɪɚɫɩɨɥɨɠɟɧɢɹ
ɭɩɪɭɝɨɣɬɨɱɤɢɨɩɨɪɵɱɬɨɛɵɩɨɥɭɱɢɬɶɦɢɧɢɦɚɥɶɧɭɸ 
ɠɟɫɬɤɨɫɬɶ ɧɚ ɜɬɨɪɨɣ ɱɚɫɬɨɬɟ ɧɟɡɚɤɪɟɩɥɟɧɧɨɣ
ɩɪɹɦɨɭɝɨɥɶɧɨɣ ɩɥɚɫɬɢɧɵ ɤɨɬɨɪɚɹ ɨɛɵɱɧɨ
ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɜɟɪɯɧɢɣ ɩɪɟɞɟɥ ɩɟɪɜɨɣ ɱɚɫɬɨɬɵ
ɩɪɢ ɨɞɧɨɦ ɡɚɤɪɟɩɥɟɧɢɢ [6]. Ɉɫɨɛɟɧɧɨɫɬɶɸ ɪɟɲɟɧɢɹ
ɬɚɤɢɯɡɚɞɚɱɹɜɥɹɟɬɫɹɬɨɱɬɨɨɧɨɢɦɟɟɬɩɟɪɢɨɞɢɱɟɫɤɨɟ
ɪɟɲɟɧɢɟ[7]. 
Ɉɞɧɚɤɨɜɥɢɬɟɪɚɬɭɪɟɧɟɜɫɬɪɟɱɚɸɬɫɹɪɚɛɨɬɵɜ
ɤɨɬɨɪɵɯ ɚɜɬɨɪɵ ɭɩɪɚɜɥɹɸɬ ɫɨɛɫɬɜɟɧɧɵɦɢ ɮɨɪɦɚɦɢ
ɫɢɫɬɟɦɵɞɥɹɭɥɭɱɲɟɧɢɹɞɢɧɚɦɢɱɟɫɤɢɯɯɚɪɚɤɬɟɪɢɫɬɢɤ
ɦɚɲɢɧɨɫɬɪɨɢɬɟɥɶɧɵɯɤɨɧɫɬɪɭɤɰɢɣ 
ɉɪɢ ɜɚɪɶɢɪɨɜɚɧɢɢ ɢɧɟɪɰɢɨɧɧɨ-ɠɟɫɬɤɨɫɬɧɵɯ
ɯɚɪɚɤɬɟɪɢɫɬɢɤ ɂɀɏ ɢɡɦɟɧɹɟɬɫɹ ɢ ɫɩɟɤɬɪ
ɫɨɛɫɬɜɟɧɧɵɯɱɚɫɬɨɬɤɨɥɟɛɚɧɢɣɢɫɨɛɫɬɜɟɧɧɵɟ ɮɨɪɦɵ 
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ɤɨɥɟɛɚɧɢɣ ȼ ɫɜɹɡɢ ɫ ɷɬɢɦ ɩɪɟɞɫɬɚɜɥɹɟɬ ɢɧɬɟɪɟɫ
ɪɚɡɪɚɛɨɬɤɚ ɦɟɬɨɞɨɜ ɨɩɟɪɚɬɢɜɧɨɝɨ ɚɧɚɥɢɡɚ ɪɟɚɤɰɢɢ
ɫɩɟɤɬɪɚɫɨɛɫɬɜɟɧɧɵɯɱɚɫɬɨɬɤɨɥɟɛɚɧɢɣɢɫɨɛɫɬɜɟɧɧɵɯ
ɮɨɪɦ ɤɨɥɟɛɚɧɢɣ ɧɚ ɬɚɤɨɟ ɜɚɪɶɢɪɨɜɚɧɢɟ ɗɬɨ
ɫɨɫɬɚɜɥɹɟɬɰɟɥɶɞɚɧɧɨɣɫɬɚɬɶɢ 
 
ɉɨɫɬɚɧɨɜɤɚɡɚɞɚɱɢ 
 
ȼ ɪɹɞɟ ɪɚɛɨɬ >8@ ɞɥɹ ɚɧɚɥɢɡɚ
ɱɭɜɫɬɜɢɬɟɥɶɧɨɫɬɢ ɫɨɛɫɬɜɟɧɧɵɯ ɱɚɫɬɨɬ ɤɨɥɟɛɚɧɢɣ
ɞɢɧɚɦɢɱɟɫɤɨɣ ɫɢɫɬɟɦɵ ɧɚ ɜɚɪɶɢɪɨɜɚɧɢɟ ɟɟ
ɢɧɟɪɰɢɨɧɧɨ-ɠɟɫɬɤɨɫɬɧɵɯ ɯɚɪɚɤɬɟɪɢɫɬɢɤ ɩɪɟɞɥɨɠɟɧ
ɫɩɨɫɨɛ ɥɢɧɟɚɪɢɡɚɰɢɢ ɩɨɜɟɪɯɧɨɫɬɢ ɨɬɤɥɢɤɚ ɩɨ ɬɧ
©ɪɟɩɟɪɧɵɦª ɪɟɲɟɧɢɹɦ Ɉɧɢ ɩɪɟɞɫɬɚɜɥɹɸɬ ɫɨɛɨɣ
ɬɨɱɧɵɟɪɟɲɟɧɢɹɡɚɞɚɱɢɨɛɨɩɪɟɞɟɥɟɧɢɢɫɨɛɫɬɜɟɧɧɵɯ
ɱɚɫɬɨɬ ɤɨɥɟɛɚɧɢɣ ɩɪɢ ɤɨɧɟɱɧɨɦ ɜɚɪɶɢɪɨɜɚɧɢɢ
ɢɧɟɪɰɢɨɧɧɨ-ɠɟɫɬɤɨɫɬɧɵɯ ɯɚɪɚɤɬɟɪɢɫɬɢɤ ȼ ɪɚɛɨɬɚɯ 
[9, 10@ ɷɬɨɬ ɩɨɞɯɨɞ ɪɚɫɩɪɨɫɬɪɚɧɟɧ ɢ ɧɚ ɫɨɛɫɬɜɟɧɧɵɟ
ɮɨɪɦɵɤɨɥɟɛɚɧɢɣ 
ȼ ɞɚɧɧɨɣ ɪɚɛɨɬɟ ɧɚ ɩɪɢɦɟɪɟ ɦɧɨɝɨɦɚɫɫɨɜɨɣ
ɞɢɧɚɦɢɱɟɫɤɨɣ ɫɢɫɬɟɦɵ ɥɢɧɟɣɧɨɣ ɫɬɪɭɤɬɭɪɵ ɪɢɫ 
ɨɩɢɫɚɧ ɩɨɞɯɨɞ ɚɥɝɨɪɢɬɦɵ ɢ ɭɫɬɚɧɨɜɥɟɧɵ
ɨɫɨɛɟɧɧɨɫɬɢ ɢɡɦɟɧɟɧɢɹ ɫɨɛɫɬɜɟɧɧɵɯ ɱɚɫɬɨɬ
ɤɨɥɟɛɚɧɢɣ ɢ ɫɨɛɫɬɜɟɧɧɵɯ ɮɨɪɦ ɤɨɥɟɛɚɧɢɣ ɩɪɢ
ɜɚɪɶɢɪɨɜɚɧɢɢ ɢɧɟɪɰɢɨɧɧɨ-ɠɟɫɬɤɨɫɧɵɯ ɯɚɪɚɤɬɟɪɢɫ-
ɬɢɤ 
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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Ⱦɥɹɱɚɫɬɧɨɝɨɪɟɲɟɧɢɹɬɚɤɨɣɫɢɫɬɟɦɵ 
  tx ZO sin    (5) 
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